ISSN 2350-1022

International Journal of Recent Research in Mathematics Computer Science and Information Technology
Vol. 9, Issue 1, pp: (10-15), Month: April 2022 — September 2022, Available at: www.paperpublications.org

Using Trigonometric Substitution Method to
Solve Some Fractional Integral Problems

Chii-Huei Yu

School of Mathematics and Statistics, Zhaoging University, Guangdong, China
DOI: https://doi.org/10.5281/zen0do.6594063
Published Date: 30-May-2022

Abstract: In this paper, based on Jumarie’s modified Riemann Liouville (R-L) fractional calculus and a new
multiplication of fractional analytic functions, we study some fractional integral problems. The main methods we
used are the trigonometric substitution method and change of variables for fractional calculus. In fact, these
results we obtained are generalizations of those in traditional calculus. On the other hand, some examples are
provided to illustrate how to use these methods to evaluate the fractional integrals.
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I. INTRODUCTION

Fractional calculus is a natural extension of classical calculus, which has a history of more than 300 years. In fact, since
the birth of differential and integral theory, several mathematicians have studied their ideas on the calculation of non-
integer order derivatives and integrals. However, although much work has been done, the application of fractional
derivatives and integrals has only recently begun. In recent years, the development of fractional calculus has stimulated
people's new interest in physics, engineering, economics, biology and other scientific fields [1-8].

This paper studies some fractional integral problems based on Jumarie type of R-L fractional calculus. A new
multiplication of fractional analytic functions plays an important role in this article. The main methods we used are the
trigonometric substitution method and change of variables for fractional calculus. In fact, these results we obtained are
generalizations of classical calculus results. In addition, we give some example to illustrate how to use these methods to
calculate the fractional integrals.

I1. DEFINITIONS AND PROPERTIES
First, the fractional calculus used in this paper and its some properties are introduced.

Definition 2.1 ([9]): Assume that 0 < @ < 1, and t is a real number. The Jumarie's modified Riemann-Liouville (R-L)
a-fractional derivative is defined by

(o DONFO] = e o P M

[(l-aydrity (t—x)°

And the Jumarie type of R-L a-fractional integral is defined by

(IO = = [F L2 _ax, 0)

I(e) “Tg (t—x)

where () is the gamma function.

Proposition 2.2 ([10]): Suppose that a, 8, t,,C are real numbers and § = a = 0, then

(o, DOt — to)P] =

r(f+1)

_ 8-
r(f-a+1) (t =), @)
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and
(,DE)IC] = 0. @)
Next, we introduce the fractional analytic function.

Definition 2.3 ([11]): Let ¢, t,, and a,, be real numbers for all k, t, € (a,b), and 0 < & < 1. If the function f:[a, b] = R
can be expressed as f, (t*) = Efwﬁ (t —tg)*™, an a-fractional power series on some open interval containing t,

then we say that f, (t) is a-fractional analytic at t,. Furthermore, if £ : [a, b] — R is continuous on closed interval [a, b]
and it is e-fractional analytic at every point in open interval (a, b), then f_ is called an e-fractional analytic function
on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([12]): If 0 < a = 1, and t,, is a real number. Let £ (t%) and g (t®) be two a-fractional analytic functions
defined on an interval containing ¢, ,

fa(t™) =30 Ul"(.l.a'+l( —to) =Y =07, (l“calﬂ.( —to)“)m, (5)
G (t*)=Xie Ul"(.l.a'+l( —to) =Y =07, (rcalﬂ.(t_tﬂ)a)@k' (6)
Then we define
fat%) @ go(t)

— _ La
=Y Urcaau.[ t) R Y Uru.a+1 (t —tq)

= er:tlﬁ( :{‘;::U (:;) ak—mbm) (t - tc)ka- (7)
Equivalently,
fat) @ g (t9)
= Y= 0%t (I‘(a+1|( —to)a) @ Xic 071 (l"t-:+l|( —to)a)m
= EI. 07, k! ( m=0 (?I;fl) ak—mbm) (ﬁ (t - tn)a)®k . (8)

Definition 2.5 ([13]): Let0 < a < 1, and £ (t®), g,(t®) be two a-fractional analytic functions defined on an interval
containing t,,

Fult®) = Bomet (¢ — ) = Tt (s (t - t007) ©
0t = oot (6= 1) = Tito™ (i (6 t0)7) (10)
The compositions of £, (t%) and g, (t) are defined by
(fz ® 9a) (6% = fu(9a(t%) = Ti2o 2 (g (£9) ™ (11)
and
(Ga® f) (6 = Galfot9) = Tizo 2 (fot9) ™ (12)

Definition 2.6 ([13]): Let 0 < & < 1. If £, (t%), g, (t™) are two a-fractional analytic functions at t satisfies
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(fr© 9) (D) = (g ° f) (%) = —— (t — t)". (13)

[(ax+1)

Then f,(t™), g, (t™) are called inverse functions of each other.

Next, The followings are some fractional analytic functions.

Definition 2.7([14]): If 0 < « = 1, and t is a real number. The a-fractional exponential function is defined by

El(t7) = Yo = 3,2 (2 e)™ (14)
o k=0 ripa+1) =0 \r(a+1) )

And the a-fractional logarithmic function Ln(t®) is the inverse function of E_(t%). In addition, the a-fractional cosine
and sine function are defined respectively as follows:

o5, (t) = Eio S = T S () (15)
and
sin, (%) = Z?:U%I _ ?=U¢-;-—f;(n-:+lj a)®¢-gk+ljl (16)
On the other hand,
secy(t%) = (cos,(t)) ™ (17)
is called the a-fractional secant function.
esc, (t%) = (sing (t%)° (18)
is the a-fractional cosecant function.
tan, (t%) = sin, (t*) @ sec, (t*) (19)
is the a-fractional tangent function. And
cot, (t%) = cos (tT) @ esc (t) (20)

is the a-fractional cotangent function.
In the following, inverse fractional trigonometric functions are introduced.

Definition 2.8 [18]: Let 0 < & < 1. Then aresin,(t®) is the inverse function of sin (%), and it is called inverse a-
fractional sine function. arccos, (t®) is the inverse function of cos,(t%), and we say that it is the inverse a-fractional
cosine function. On the other hand, arctan,(t®)is the inverse function of tan_(t%), and it is called the inverse a-
fractional tangent function. arccotan, (t*) is the inverse function of cot, (t*), and we say that it is the inverse a-
fractional cotangent function. arcsec, (t™) is the inverse function of sec,(t®), and it is the inverse a-fractional secant
function. arcese, (t*) is the inverse function of esc,(t), and is called the inverse a-fractional cosecant function.

Definition 2.9 [15]: Let 0 < & < 1, and s be a real number. The s-th power of the a-fractional analytic function £, (t®) is
defined by [f, (t)]® = E, (s - L, ( £,(t9))
Definition 2.10: The smallest positive real number T, such that E, (iT,,) = 1, is called the period of E, (it®).

I11. METHODS AND EXAMPLES

In the following, we introduce some properties used in this article and provide several examples to illustrate how to use
trigonometric substitution method to evaluate some fractional integrals.
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Theorem 3.1 (change of variables for fractional calculus)[19]: Suppose that 0 < a < 1, w,(t%) is an a-fractional
analytic function defined on an interval I, and fa(wa(t“)] is an a-fractional analytic function such that the range of w,
contained in the domain of £, , then

[:w“t'c“jf\g“t'd“j)[faﬁwa)] = ( cfg) [fa(wa(ta)) ® [: CD?)[W.:(&“)]] (21)
forc,d €1.

Theorem3.2[17]:Let 0 =a@ <1, g =0, sin,(g™) # 0, and t be a real number. Then

(of8)[sing (t¥)] = —cos, (t%)+ 1,if t = 0. (22)
( oIF)[cos,(t%)] = sin, (t%), ift = 0. (23)
(off)[tan, (t%)] = — Ln(|cos, (t9)]), if t = 0. (24)
( gf)leoty (t)] = Lng(Ising (t9)]) — Lng(Ising (g)]), ift = q. (25)
(oIf)[sec, (t¥)] = L, (|sec, (t%) + tan (t7)]), ift = 0. (26)
(o )esca ()] = Lng(lescy (£%) — cot, (¢)]) — Lng(|esc, (q%) — coty (g, ift = q. @7
Theorem 3.3 ([16]): Let 0 < @& =< 1, and t be a real number, then
[sin, (¢9)]%* + [cos, (t)]%* = 1, (28)
1+ [tan, (t)]%? = [sec, (¢¥)]%?, (29)
1+ [eot, (tM)]®* = [cse, (t)]®2 (30)

S

Example 3.4: Let0 <a =1, r = 0,and 0 < x < (vT(a + 1))=. Find the a-fractional integral

(o) l( 2 _ (Fi':ﬂjxa)m)@(%)l . 1)

;‘Ix“ =71 -sin,(t%), then using change of variables for

Solution By trigonometric substitution method, we let ——

fractional calculus,

(o) (- (ﬁx«)m)@@]
= (oIf)r- cosa (t)@r - cos, (t7)]
=72( o) [E:f:osaf (t“)]®2]

1 1
=72( o) [E + cosq [Zt“)]

1
. a 7 a
I 1)t +4sma(2t )]

SN

1 1, . @
3 Tarn! t7oina(t@cos(t )]

1
w2\8(3)
_ .21 . (l a) 1 1 o 2 ( 1 a)
=Tr"|-arcsin -X — " X — X
2 Ty + 2r? Ta+1) ® Cla+1)
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2\2(3)
=%’r2 - arcsing Gx“) +%' L '@ (’rz —( = x“) ) . (32)

Tlee+1) Ma+1)

Example35: If 0 =@ = 1, + = 0, and x = 0. Find the e-fractional integral

(4I9) l((r(;l)xa)@z +T2)®(—§)l | )

x® =1 - tan,(t™),then by change of variables for fractional calculus, we obtain

(of) l((rc:u:uxa)@z " Tz)gl(_;)l

)@-(—

1

Solution Let -
[la+1)

=( oI%) [; (sec,(t%) 1)@?" (seca(t“))m]

= (off)[sec,(t™)]

= Ln,(|sec, (t%) + tan, (t9)])

o |
®(%)

_ 1 o ®z 2) = 1 a |l
—Lna(((r(aﬂjx ) +r + ot |~ Lna(). (34)

®(2)
1, 1o\ 2) g1 e
r ((I‘(a+1jx ) Tr + r r‘(a+1jx

1
Example 3.6: If0 <@ <1, r = 0,and x = p = (#T(a + 1))= Find the a-fractional integral
®(-2)
1 o @2 B 2) e,
((T(’cﬁl)x ) r ' (35)

1
x%=17-sec (t7), and g = [F(af + 1) - arcsec,, Gp“)]" , then using change of variables for

(1)

Solution Let

Tlee+1)
fractional calculus yields

(1) l((r(:+1:lxa)®2 _T2)®( i,l

= oIf) F (tana(t“))@{_“@r- seca(t“)amna(t“)]

= (o )[secy (t*)]

= Lna(lseca&a} + tana(ta)l) - LﬂaﬂCSCa. (‘?a) - COta(qa)D

e(2)
- 11 a1, ( 1 a)g-z 2y
L?’la( r T(r:r+1:|x + r ( T(r:r+1:|x r

3 )

_ 1 ®2 ®(3) 1 1 ® ®(3) 1
_Lna(((rfa+1jxa’) -r ) +1"('a+1:lxa —Lﬂa ((T(’a+1)pa) -r ) —I—l"lf|:1.'+1j;r"[:r ' (36)
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IV. CONCLUSION

The purpose of this paper is to study some fractional integral problems. The main methods we used are the trigonometric
substitution method and change of variables for fractional calculus based on Jumarie modification of R-L fractional
calculus. A new multiplication plays an important role in this article. In fact, the results we obtained are natural
generalizations of those in classical calculus. On the other hand, the new multiplication we defined is a natural operation
of fractional analytic functions. In the future, we will use these methods to solve the problems in engineering mathematics
and fractional differential equations.
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